In this paper the use of complementary Golay sequences (CGS) for peak-to-average power ratio (PAR) reduction and forward error correction (FEC) in an orthogonal frequency division multiplexing (OFDM)-based wireless local area network (WLAN) system is explored; performance is examined and complexity issues are analyzed. We study their PAR reduction performance depending on sequence lengths and we have found that, for the case that the number of sub-carriers differs from the sequence length, some interesting relationships can still be stated. Regarding their error correction capabilities, these sequences are investigated considering M-PSK constellations applied to the OFDM signal specified in IEEE 802.11a standard. Computational load for both Golay encoding and decoding processes is addressed and we provide an exhaustive analysis of their complexity. In order to overcome memory restrictions and speed up algorithmic operations, a novel algorithm for real-time generation of the Golay Base Sequences is proposed and evaluated giving as a conclusion that these sequences can be real-time generated with actual Digital Signal Processors (DSP). Our proposal lies on an efficient permutation algorithm that obtains the current permutation without the need for generating previous ones. Its complexity is calculated and turns out to be significantly low; the advantages are specially appreciated at the decoding stage. We also introduce a hybrid solution to get a trade-off between complexity and memory requirements. Moreover, the whole system is also implemented in a DSP to validate the proposal in a prototype, where its feasibility has been confirmed.
Introduction
Today's needs of bandwidth and flexibility are imposing the use of efficient modulations that are suitable for the characteristics of wireless channels. This is one of the reasons why multicarrier modulation techniques are increasingly used in wireless local area network (WLAN) environments. Standards, such as IEEE 802.11 a/g [1, 2] , have * Corresponding author.
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᭧ chosen these technologies for high bit rate transmission and recent wider-range ones, such as IEEE 802.16a [3] , are also adopting them in order to provide higher data rates. The choice of multicarrier technique orthogonal frequency division multiplexing (OFDM) is due to its good performance in multipath environments.
Basically, OFDM divides the available bandwidth into several orthogonal sub-carriers that can convey either data or control information. In order to maintain this orthogonality (which can be lost due to multipath effects) and eliminate the effects of inter-symbol interference (ISI), each OFDM symbol is cyclically extended at the beginning with the cyclic prefix. The design of an OFDM-system (symbol period, number of sub-carriers) should be carried out to guarantee the mitigation of the multipath channel effects. Indeed, this is achieved if the cyclic prefix is longer than the maximum delay spread of the channel. A careful choice of the number of sub-carriers and the cyclic prefix will ensure that the transfer function of each sub-channel is quasi-constant in time and frequency [4] .
Keeping in mind that we would like the terminals to be low-cost, low-size and limited power consumption (mobile terminals need batteries' supply), it is desirable that physical layer requirements are not very demanding. The implementation of OFDM for WLAN systems offers great advantages due to the above-mentioned multipath performance, but it has also several critical aspects. Specifically, OFDM phase noise [5] , time [6] and frequency synchronization [7] have been widely analyzed and new OFDM-based WLAN systems are being built, for instance, within European IST Program [8, 9] .
However, one of the main disadvantages of OFDM is its high peak-to-average power ratio (PAR) which requires the use of linear amplifiers with a large dynamic range that are very power-inefficient and have an enormous impact on equipment's autonomy [10] . Thus, any research focused on reducing the PAR in OFDM signals is of high interest, specially that regarding WLAN scenarios for next generation networks [11] .
For this reason, the literature is extensive and several methods have been already proposed, as for example, the use of complementary Golay sequences (CGS) [12] , partial transmit sequences (PTS) [13, 14] , selective mapping (SLM) [13, 14] , tone reservation [15] , clustered transmission [16] , orthogonal pilot sequences (OPS) [17] or pre-distortion techniques such as in [18] .
Among all these possible solutions, CGS have been chosen in our study due to several reasons. First, using adequate parameters the signal PAR is bounded to 3 dB independently on the number of sub-carriers or characteristics of input data [12] , unlike other techniques above. Second, the error correction capabilities of these codes would allow us to improve in some way the overall system performance through forward error correction (FEC). Third, the standard IEEE 802.11 b/g [2, 19] employs complementary code keying (CCK) which are a sub-set of Golay sequences [20] . Finally, the number of sub-carriers that are required to efficiently combat multipath in WLAN environments is small (around 64 or 128 sub-carriers is enough), what makes the use of Golay sequences for PAR reduction an adequate choice due to the easiness and flexibility of their implementation in this case, as it will be shown later.
In this paper, the PAR reduction performance of CGS when the number of subcarriers either differs or not from the sequence length is analyzed, extending the analysis in [12] , where only the equality case was examined. Besides, the error correction capabilities of these sequences considering IEEE 802.11a parameters for the OFDM signal frame are studied, with a special emphasis on code rate effects. Additionally, complexity issues of Golay encoding/decoding operations are addressed to give an insight into their computational load.
To save memory requirements and avoid the use of lookup tables, a novel algorithm for real-time generation of the Golay base sequences is proposed, based on an efficient permutation algorithm. It shows low complexity and it is specially advantageous at decoding stages. It must be also pointed out that its loss in code rate efficiency is almost negligible. We also introduce a hybrid solution to get a trade-off between complexity and memory requirements for the cases when the number of sequences is very high and therefore complexity issues are not negligible anymore. Additionally, our proposed algorithm to generate Golay base sequences applies not only to OFDM but also to other systems using CGS such as CCK.
Finally, the whole system is also implemented in a digital signal processor (DSP) in order to validate the proposal in a prototype, where, as expected, physical real-valued signals exhibited a maximum PAR of 6 dB while simulated low-pass equivalent signals provided a maximum PAR of 3 dB.
The remaining of this paper is organized as follows. In Section 2 a brief description of CGS is given and their characteristics and performance are analyzed; complexity issues are also examined. Then in Section 3 an algorithm for realtime generation of these Golay base sequences is proposed in order to avoid the use of a look-up table what leads to savings in memory. The physical implementation of the whole system and results are presented in Section 4 and, finally, in Section 5 some conclusions are drawn.
Complementary Golay sequences for PAR reduction in OFDM
In this section, the OFDM signal is presented and the discrete-time PAR is defined. Next, a brief description on CGS is shown in order to better understand why CGS are an alternative for PAR reduction in OFDM signals while they simultaneously provide forward error correction capabilities. Finally, the scope of our proposal is envisaged by addressing complexity issues of Golay encoding/decoding.
OFDM and PAR
OFDM divides the available bandwidth into N orthogonal sub-carriers and each of them conveys a complex symbol. In a continuous transmission where several OFDM-symbols are transmitted, the time-domain sampled OFDM signal for the th OFDM symbol can be expressed as
where k and n denote frequency and time indexes respectively, and S (k) are complex data at kth sub-carrier in frequency domain (e.g. M-PSK, M-QAM modulated). Assuming that complex data S (k) are independent and identically distributed (i.i.d.), for a relatively large number of sub-carriers (N 32), the distribution of s [n] (0 n < N − 1) are near Gaussian random variables according to the central limit theorem. Thus, the discrete-time PAR for the th OFDM symbol is a random variable defined as 
Complementary Golay sequences
Here, a brief description on CGS is provided and the relationships between PAR and CGS are hinted at. Davis and Jedwab introduced in [12] the use of CGS for PAR reduction, providing a complete theoretical study on them. They showed that it is possible to encode the original input data by using CGS in such a way that the obtained OFDM signal exhibits a PAR limited to 3 dB. More exhaustive performance results on CGS are given in [22] .
Two sequences a and b are CGS with respect to each other if the sum of their autocorrelations is null except in zero.
Let us define the following set of binary sequences x i parameterized by m, where 2 m is the sequence length:
We also define a permutation on the set {1 . . . m}, where k represents the kth element of the permuted set, i.e. there are m! possible permutations, where (·)! denotes factorial of (·). If we fix the constellation size by the parameter h 
that comprise one of 2 h(m+1) possible Golay sequences over Z 2 h , the operation should be understood as the binary AND function.
Given a sequence of information bits, let us state a sequence in the form:
where c q ∈ Z 2 h , are the values of a group of h information bits expressed in decimal. Given a CGS in the form of Eq. (4) that we will denote as Golay base sequences (GBS) in the encoding process, if we combine it with another one constructed as described above in Eq. (5), it yields another CGS
where the operator ⊕ denotes the addition operation in modulo 2 h . The fact that the sequence in Eq. (6) is a CGS still holds for any permutation and any set of information bits defining sequence C. Eq. (6) defines the encoding process for a sequence of information bits into a CGS [12] : the bits to be encoded are divided into groups of w + h(m + 1) bits, of which w parameter, known as base size, will select the GBS to be used and the others are grouped into m + 1 sets of h bits each one, and they will form c q . Because there are only m!/2 GBS in the form of Eq. (4), there is a constraint in the values of w, i.e. 2 w m!/2. As an example, the GBS for m = 3 and h = 4 are [00080080, 00080800, 00000880], since in this case the number of GBS is m!/2 = 3.
Once the whole sequence is obtained, it is mapped into the proper 2 h PSK constellation in order to obtain S (k). At the receiver side, the fast Hadamard transform (FHT) [23] is used for the decoding process [24, 25] .
Hence, there are w + h(m + 1) and 2 m h input and output bits respectively, and thus, the FEC code rate (defined as the ratio of input to output bits) is:
As the efficiency of the code increases as w does, it is usually fixed to w= log 2 m!/2 , where x operator denotes the integer smaller than x. For illustration, the values of R depending on m and h are plotted in Fig. 1 , where the parameter w has been always fixed to its maximum value, i.e. w= log 2 m!/2 . It can be seen that the main parameter from the code rate point of view is m in an inverse relationship, i.e. the larger m the lower the code rate is. These CGS were originally proposed for phase modulation, this is, M-PSK constellations, but recently in [26] or [27] their use has been extended to 8-QAM and 16-QAM modulations. However, in this case the way of encoding is not yet defined and PAR depends on the chosen sequences.
Performance of an OFDM-based WLAN system encoded with Golay sequences
In the following, the performance of an encoded OFDM system by using CGS in terms of PAR reduction and Bit Error Rate (BER) will be studied for a WLAN environment, i.e. the OFDM signal frame and cyclic prefix will be set accordingly to match the IEEE 802.11a standard [1] . The number of sub-carriers will be varied around typical values for WLAN in order to understand the influence of this parameter.
PAR and number of sub-carriers
If the number of sub-carriers is equal to the sequence length, i.e. N =2 m , the PAR of the encoded OFDM system is limited to 3 dB [12] . In order to evaluate the behavior if the sequence length is different from N, several scenarios have been simulated with N = 2 m±1 and N = 2 m±2 . The code length (m) was fixed to 6 and 7, that for the case N = 2 m yields N = 64, 128 which are typical values for the number of sub-carriers in WLAN environments. Then, maintaining these values for m, we evaluated different number of subcarriers. In all these scenarios w parameter has been fixed to its maximum value, i.e. w = 8 and w = 11 for m = 6 and 7, respectively, in order to maximize the code rate (maximizing code rate means the less throughput loss but the same error correction capabilities). In Table 1 , a comparison for the PAR reduction using Golay codes is shown; PAR values provided in this table refer to maximum values over a continuous transmission of 10, 000 OFDM symbols. It can be seen that when N = 2 m the PAR is 3 dB, as proved in [12] . To extend this previous work, we have analyzed the case N = 2 m and we found that if the sequence length is a multiple of the number of subcarriers (i.e. N = 2 m−2 , 2 m−1 ) the PAR is still 3 dB. On the other hand, if the sequence length is half or a quarter of the number of sub-carriers (i.e. N = 2 m+1 , 2 m+2 ), the PAR is 6 and 8.5 dB respectively. In all cases the encoded OFDMsystem obtains lower PAR in several dB than the uncoded system (and PAR reductions are still similar to other schemes in the literature [13, [15] [16] [17] ).
Results in Table 1 point out that there is a certain flexibility in the design, because it is possible to select different coding schemes according to our needs keeping the signal PAR bounded to 3, 6 or 8.5 dB (different coding schemes provide different FEC capabilities as it will be shown).
FEC performance
Besides the PAR bounding characteristics of the CGS, they also provide FEC due to the relationship of these sequences with Reed Muller codes [12] . Therefore, combining the PAR reduction and FEC capabilities the overall system performance can be increased. The PAR reduction sets the system in a signal-to-noise ratio where the sequences provide FEC. In order to evaluate this kind of error correction, different scenarios have been simulated. We fixed N = 2 m and 10, 000 OFDM-symbols over an additive white Gaussian noise (AWGN) channel were simulated to obtain accurate results.
As it was shown in Section 2.2 the main parameter from the code rate point of view is m. In order to see how this parameter influences the performance, different simulations have been carried out keeping h = 2, i.e. QPSK modulation, and w at its maximum. In Fig. 2 it can be seen how these Golay sequences outperform the uncoded system over an E b /N 0 = 7 dB. Another aspect that can be observed is that all the curves perform similar even though those with larger sequence length (m) perform slightly better. It should be noted that E b /N 0 in curves of Figs. 2-4 is the coded E b /N 0 , i.e.
On the other hand, in order to check the effect of the constellation size (h), in Figs. 3 and 4 the performance for different values of h is examined. In Fig. 3 lengths. It can be seen that the effect of m is more severe in the 8-PSK scheme than in QPSK because a larger value of h decreases the code rate and increases constellation density. In Fig. 4 the sequence's length parameter (m) has been fixed to 6, i.e. N = 64 (as in the IEEE 802.11a standard) and different values for h have been explored. It can be seen that eventually the encoded system outperforms the uncoded one, and moreover, with the added value that obtained signal exhibits a PAR limited to 3 dB. From both figures, it can be concluded that increasing the constellation size (h) degrades code performance, even though the code rate is decreasing. The reason is that parameter h only slightly affects the code rate, while m is the dominant parameter (see Fig. 1 ).
Golay encoder/decoder complexity
Once we have seen that CGS are useful for OFDM systems and in particular for WLAN environments, the complexity for encoding/decoding is now analyzed. Since physical devices are usually implemented on DSPs, the number of multiply add carry (MAC) operations is employed as a measurement. This operation takes two data and multiplies them, after that this result is added to another data and the final result is stored. Commonly, actual DSP are able to execute several MAC operations in one clock cycle and millions of them per second. The computational load will depend on the parameters: m, h and w but mainly on m as we will show.
Encoder complexity
Assuming that all the GBS have been previously generated and stored into a look-up table, by examining the way of encoding them, there will be required:
Thus, the encoder complexity only depends exponentially on m. It should be noted that, for the encoding process, only one GBS is used each time (that will be selected by the first w bits).
Decoder complexity
On the other hand, the decoder does not always complete the same number of operations when decoding is FHTbased. The reason is that first, the GBS is estimated and then, it will depend on how many iterations are needed for a specific GBS. It will exist therefore a lower and an upper bound. Examining the algorithm, the upper-bound has been calculated, yielding:
The test operations are comparisons between two numbers. It can be observed that the number of operations is much larger than in the encoder case and it depends exponentially on m and w, and linearly on h. In this case m and w would affect the complexity much more than h. Nevertheless, this is the upper-bound which is rarely reached. In general, only a few sequences will be needed to be generated.
It would be interesting to compare the encoder and decoder complexity with respect to the complexity of the fast Fourier transform (FFT) implementation, since, on one hand, Inverse-FFT (IFFT) and encoder and, on the other hand, FFT and decoder, would be possibly implemented in the same DSP. For instance, the complexity of the complex radix2 algorithm implemented in the TMS320C6201 DSP from Texas Instruments [28] is NC radix2 = log 2 N · (7 + 2N)
where N is the number of FFT points. It should be noted that Eq. (9) accounts for the three consecutive operations that are required to perform the FFT by using the radix2 algorithm. 2 In Fig. 5 the dependency on the number of cycles with respect to m for the encoder and decoder is plotted (assuming one MAC per cycle 3 ). The complexity for the radix-2 algorithm is also shown for comparison purposes. It can be observed that, in both cases, the Golay encoder/decoder has a reasonable complexity since it is in the range of the FFT. Actually, DSPs can execute several millions of instructions per second and therefore the Golay encoder/decoder seems to be feasible.
Generation of base sequences
One of the drawbacks of Golay sequences is their storage. If the sequence length, given by m, is high, the number of possible GBS may be too large for some applications and, moreover, this number increases exponentially with m since 2 w m!/2.
Permutation generator Algorithm (PA) 1. Initialize array list with all elements in lexicographic order. 2. Initialize array permutation as empty, aux =n, act =m and i =1, where n is the number of the specific permutation, m is the total number of elements to permute and i will be the index for permutation array. 
Set permutation[i]=list[(res) ]. Delete list[(res) ]
element from array list. 6. Update:
• If i m go back to 3 else jump to 7 7. Complete array permutation with elements in array list in inverse order. The desired permutation is in the array permutation. Stop. An approach to reduce the problem is limiting the number of valid GBS. The main advantage of this method is that 2 In order to perform an FFT by using the radix2 algorithm in the DSP library, a previous re-arrange of data is needed, and then, after radix2 algorithm, data must be re-ordered again. 3 Usually DSP are prepared to execute several MAC operations per cycle (depending on the pipeline architecture), and so, the actual number of cycles will be smaller. all GBS can be analyzed and only the ones with best performance in terms of BER can be selected (this option has been chosen in the IEEE 802.11b standard [19] ). However, this way we are reducing the code rate and therefore the performance, since it depends on w as it was shown before. Next, a novel algorithm for real-time generation of GBS is proposed. Examining Eq. (4), it can be observed that, if we are able to generate a specific permutation , then the adequate GBS can be easily generated. The idea is based on sorting permutations in a known order, and then, being able to generate a specific one. Basically, there are two methods to generate all the permutations [29] : iterative and lexicographic algorithms. Both methods generate all the permutations for a given set. The iterative algorithm would generate the permutations pseudo-randomly, and the lexicographic would generate them in alphabetical order. However, if we want the ith permutation both algorithms need to generate the previous (i − 1) permutations. This is, evidently, not useful for our purposes.
The lexicographic algorithm sorts permutations in a way that can be used for real-time generation. It should be noted that not all the m! permutations are valid but only half of them, because symmetrical permutations will generate the same GBS. Also, it would be interesting to know which permutations generate valid sequences. Looking at the structure of the lexicographic order it can be observed a factorial relationship in the form that first 5  6 0  5  3 3  5  0  6  360  8  153  7  1  7  2520  11  873  9  2  8  20160  14  5913  12  2  9  181440  17  46233  15  2  10  1814400  20  409113  18  2 cal ones are above this range. By using this characteristic a Golay Base Sequences Generation Algorithm (GBSGA) has been designed. This algorithm makes use of the specific Permutation generator Algorithm (PA) whose pseudo-code is described above. In the pseudo-code mod denotes the modulo operation, [j ] represents the jth element in an array and (·) takes the integer part of the number. It can be seen that in this way it is not possible to obtain all the valid GBS but a set of them. However, Table 2 and Fig. 6 show that this loss is negligible. As it was pointed out in Section 2 the first w bits select the GBS subject to 2 w m!/2, i.e. not all the m!/2 valid codes will be used. In Table 2 it can be seen that the number of available permutations with proposed algorithm, i.e. m−1 i=1 (m − i)!, are close enough to 2 w and therefore the loss due to the use of the algorithm is only 1 or 2 bits. For example, for m = 4, the maximum value for w is 3. By using our algorithm it is possible to generate up to 3 i=1 (4 − i)! = 9 permutations, so it is still valid to set w = 3. In Fig. 6 a comparison between the original code rate and once applied the algorithm is shown; it confirms that the loss in code rate after applying the PA is negligible. Looking at the proposed GBSGA algorithm it can be seen that the complexity is low. It only needs:
• MAC operations: 2 m + 13 m, • Test operations: 2 m.
In Fig. 7 the differences between the number of cycles when both algorithms are used (the algorithm with and without calculating the permutations) are shown. At the decoder side, the differences are more significant because many permutations must be generated for the decoding process. It should be highlighted that this is the upper-bound for the complexity and it is rarely reached; In general, only a few GBS need to be generated at the decoding stage and thus the complexity is drastically reduced with respect to this upperbound. Besides, despite the complexity is slightly higher no look-up table is needed here and therefore there is a saving in memory as it can be seen in Table 3 . In this Table 3 , the memory needed is assuming the GBS are stored in binary and therefore they need to be generated. If we want to avoid to compute GBS, the total memory must be increased by a factor of 2 h .
A hybrid solution between choosing a particular number of sequences and generating them in real-time could also be used: storing a portion (1/2, 1/4, . . .) of all wanted permutations and generating the others when they are needed. In this way, complexity is reduced 1/2, 1/4 and so forth, although in this case the memory requirements are increased twice, four times, etc. So there is a trade-off between memory and complexity. Additionally, another advantage is avoiding the storage of the CCK sequences since they can be real-time generated.
Implementation
The proposed Golay encoded OFDM-system has been implemented in a TMS320C6201@200MHz DSP from Texas Instruments to validate the design in a prototype. Two converters have been connected to the DSP in order to obtain the physical signal, the 12-bits dual Digital to Analog Converter (DAC) TLV5638 and the 12-bits Analog to Digital Converter (ADC) TLV 2541, both from Texas Instruments. The prototype has been scaled in some parameters as the number of sub-carriers, frequency bandwidth and carrier frequency from the typical values of an OFDM-based WLAN system [30] , due to constrains in the development's platform. The number of sub-carriers was fixed to N = 32, the bandwidth is 6.25 kHz and the carrier frequency is 62.5 kHz. The proposed algorithm for real-time generation of the GBS was implemented at both sides, encoder and decoder, avoiding in this way the use of physical memory to store GBS. This memory was used to buffer the signal instead, alleviating therefore the complexity and time constrains for the other blocks at the receiver. The transmitter scheme is depicted in Fig. 8 where it can be observed that all the signal processing is carried out inside the DSP. In this figure, different blocks account for a variety of transmission operations: constellation mapping (Variable Mapper), OFDM modulation (IFFT), parallel to serial conversion (P/S) and insertion of the cyclic prefix (CP).
On the other hand, in order to evaluate the PAR of the implemented system, a long transmission was used (about 4, 000 OFDM symbols) obtaining a PAR for the uncoded signal around 10 dB whereas PAR for the Golay encoded signal is close to 6 dB. Although we theoretically expected a PAR limited to 3 dB after Golay encoding, it was proved in [31] that there is a difference between simulations and implementation of 3 dB. This is because in simulations a low-pass equivalent signal representation is applied whereas for the implementation the real-valued signal is used. Then, our measurements in the prototype of a PAR around 6 dB, for the Golay encoded signal, agree with the expected results. The noise error can be considered negligible. In Fig. 9 it can be seen that the uncoded OFDM output signal 4 exhibits large peaks whereas the Golay encoded OFDM signal shown in Fig. 10 presents less and lower peaks. Comparing both figures, a clear peak reduction can be observed in the signal after Golay encoding process. In Table 4 
Conclusions
OFDM is a good candidate to build next generation high bit rate WLANs but some implementation impairments such as its high peak-to-average power ratio must be solved to avoid the loss in efficiency in high power amplifiers. In this paper, the performance of CGS has been analyzed from the point of view of both PAR reduction and forward error correction. In this study it has been shown that for a low number of sub-carriers, as in WLAN environments, there is certain flexibility to select parameters m and h in order to fulfill system requirements. Moreover, a useful and efficient algorithm for real-time generation of these CGS has been proposed and analyzed. This way memory requirements for the implementation of CGS are reduced while the increase in complexity is negligible. Finally, an OFDM prototype with Golay encoding has been built and tested to validate their performance. In this prototype the real-time GBS Generation Algorithm was also implemented showing its feasibility.
The theoretical PAR for CGS was 3 dB whereas physical PAR obtained from the prototype was 6 dB. The difference agrees with the fact that the real-valued signal was used instead of the low-pass equivalent. Besides their PAR reduction characteristics, these Golay sequences are able to correct channel errors providing FEC coding gain that improves the overall system performance. 
